Let G be a simple graph with n vertices and (0, 1)-adjacency matrix A. As usual, S(G) = J -2A -I denotes the Seidel matrix of the graph G. Suppose θ 1 , θ 2 , . . . , θ n and λ 1 , λ 2 , . . . , λ n are the eigenvalues of the adjacency matrix and the Seidel matrix of G, respectively. The Estrada index of the graph G is defined as 
Introduction
Throughout this paper, let G be a simple graph with vertex set V = {v  , v  , . . . , v n }. The adjacency matrix A(G) = [a ij ] of G is a binary matrix of order n such that a ij =  if the vertex v i is adjacent to the vertex v j , and  otherwise. The Seidel matrix S(G) = [s ij ] is equal to J n -A(G) -I n , where the symbol J n denotes the square matrix of order n all of whose entries are equal to . Since A(G) and S(G) are real symmetric matrices, their eigenvalues must be real. The eigenvalues of G are referred to as the eigenvalues of A(G), denoted by θ  (A(G)), θ  (A(G)), . . . , θ n (A(G)) and similarly, λ  (S(G)) ≥ λ  (S(G)) ≥ · · · ≥ λ n (S(G)), the Seidel eigenvalues of G. For simplicity, we write λ i instead of λ i (S(G)). The sequence of n Seidel eigenvalues is called the Seidel spectrum of G (for short S-spec(G)). We now present an example of pairs of graphs on n vertices with the same Seidel spectrum such that one of them is a connected graph and the other one is not.
Example  Here we address two examples from non-isomorphic graphs which are cospectral:
(i) S-spec(K p,q ) = S-spec(K n ) if p + q = n,
(ii) S-spec(K n/ ∪ K n/ ) = S-spec(K n ) (n is even).
In our recent studies on Seidel eigenvalues it has been shown that a lower and upper bound exists for the sum of powers of the absolute eigenvalues of the Seidel matrix, suggesting a common core architecture similar to the cases of adjacency and signless Laplacian matrix [] . The reader can find more information related to the eigenvalues of the adjacency matrix and the spectrum of G in [] . The Estrada index of a graph G is defined as
This graph-spectrum-based structural descriptor was first proposed by Estrada . The aim of this paper is to find the upper and lower bounds for the Seidel-Estrada index of the graph G. The rest of the paper is organized as follows: In Section , we give some definitions and obtain some upper and lower bounds for the Seidel-Estrada index.
In Section , we present a relation between the Seidel-Estrada index and the Seidel energy of a graph G, and we prove several results on the Seidel-Estrada index.
Estimates of the Seidel-Estrada index
Here we give some new lower and upper bounds on Seidel-Estrada index. For convenience, we give some notation and properties which will be used in the following proofs of our results.
it is easy to see that the Seidel-Estrada index and S k (G) of G are related by
It is easy to see that any graph
, we can get a contradiction.)
Lemma . [] For any graph G with n vertices, we have
(i) S  (G) = n i= λ i = trace S(G) = , (ii) S  (G) = S  (G) = n i= λ  i = trace S  (G) = (n -)  + (n -) = n(n -), (iii) S  (G) = n i= λ  i ≤ S  (G) ≤ (n -)  + (n -), (iv) S  (G) = n i= |λ i |  ≥ n (n -)  , (v) S k (G) ≤ S k (G) = n i= |λ i | k ≤ (n -) k + (n -), k = , , . . . , (vi) S k (G) = n i= |λ i | k ≥ n (n -) k , k = , , . . . .
Lemma . [] Let B be an n × n symmetric matrix with eigenvalues
where
is the ith greatest eigenvalue of B.
by Lemma ., we get the required result.
Theorem . Let G be a simple graph with n ≥  and det S(G) = . Then the SeidelEstrada index of G is bounded by
Proof (a) To prove this theorem, we apply a technique similar to the proof of Theorem  in [] . At first we prove that the left inequality of (): From (), we get
In view by the inequality between the geometric and arithmetic mean, we get
By using the power series expansion, and Lemma ., we get
Since k≥
, we shall use a multiplier γ ∈ [, ], so as to arrive at
By substituting () and () back into () and solving for SEE(G), we obtain
Now, we consider a function
We have f (x) <  for x ≥ . Thus f (x) is a monotonically decreasing function for x > . Consequently, the best lower bound for SEE(G) is attained γ = . Setting γ =  in (), we arrive at the first half of Theorem .:
Now, we have to prove that the lower bound is strict. For this purpose, we assume that the left equality holds in (). Then we have
that is,
and hence
By Lemma . and the trace of S(G), we can get a contradiction. Thus the left equality in () is strict.
(b) Let us prove now the right inequality. Since f (x) = e x monotonically increases in the interval (-∞, ∞), we starting with equation (), we get
Suppose that the right equality holds in (). Then the equality holds in (). Thus we have λ i = |λ i |, i = , , . . . , n. Since λ  ≥  and by Lemma .(i), again we get a contradiction. Hence the right inequality in () is strict.
Theorem . Let G be a conference graph. Then the Seidel-Estrada index of G is equal to
where ch(x) is the hyperbolic cosine of x defined as follows:
Proof Since G is a conference graph, the Seidel matrix of a graph is symmetric and SS T = (n -)I, thus each Seidel eigenvalue equals
Let the number of positive eigenvalues of Seidel matrix S(G)
be n + . Hence, λ i = ± √ n - and S  = n i= λ i = n + i= √ n - + n i=n + + - √ n - = , then n + = n  . Therefore SEE(G) = n i= e λ i = n + i= e λ i + n i=n + + e λ i = n + i= e √ n- + n i=n + + e - √ n- = n + i= e √ n- + e - √ n- =  n  i= ch( √ n -) = nch( √ n -).
Relation between Seidel-Estrada index and Seidel energy
Let G be a simple graph of order n, and its Seidel eigenvalues will be denoted by
we have
In this section, we investigate the relation between the Seidel-Estrada index and the Seidel energy.
Theorem . The Seidel-Estrada index SEE(G) and the Seidel energy E s (G) satisfy the following inequality:
with left equality holding if and only if G ∼ = K n .
Proof (a) At first, we prove the left inequality of (). 
Using the above result, we have
Suppose that the left equality holds in () for G K n . Then we must have 
Suppose now that the right equality holds in (). Then all the above inequalities must be equalities. From (), we have |λ i | = λ i , for all i. By the trace of S(G), we have λ  = λ  = · · · = λ n = , a contradiction by Lemma .. This completes the proof of the theorem.
Remark . From equation () and Lemma ., we get
Equality does not hold because if the equality is to occur, then we have |λ i | = λ i , for all i.
Hence by Lemma .(i), again we get a contradiction. We also have
and SEE(G) < n - + e E s ; we also give an inequality between the SEE(G) and E s (G).
Theorem . Let G be a simple graph with n vertices. Then
Es n ()
with equality holding if and only if |λ
Proof We have the Seidel eigenvalues λ  , λ  , . . . , λ n with |λ  | > , |λ n | ≥ . Then, by the arithmetic-geometric mean inequality, we get
as E s = n i= |λ i |. Now, we consider the function f (x, y) = e x + e y + (n -)e
Es-x-y n- , for x > , y ≥ .
We have
Es-x-y n- .
To find the minimum of the function of f (x, y), we get
For Hence we get the required result in (). Now suppose that equality holds in (). Then all inequalities in the above argument must be equalities. From equality in () and E s = 
Conclusion
In this paper, we investigate the Seidel matrix and Seidel eigenvalues. Moreover, we defined the Seidel-Estrada index and Seidel energy, and computed the upper and lower bounds for the Seidel-Estrada index. We obtained a relation between the Seidel-Estrada index and the Seidel energy of a graph G, and we proved several theorems on the SeidelEstrada index. The reader can use these results to calculate the Seidel energy and the Seidel-Estrada index.
